Abstract-we present a mathematical model describing the motion of two elastic rods in contact. The model allows for large displacements and is essentially based on Cosserat's modelling of rods. Using a penalty technique, we prove existence of a static solution in the case of a unique rod. The contact modelling involves unilateral constraints on the central lines of the rods. Existence is also proved for this contact problem.
INTRODUCTION
Studying contact between elastic rods is of great interest in particular for analyzing internal friction forces in wire ropes. We consider here the case of two rods in frictionless contact. The modelling of each rod is based on Cosserat's model [l] . A penalized formulation of the energy, in which orthonormality constraints of the director vectors is imposed by a penalty technique, is used. Mathematical results related to this formulation are given. Let us mention here, that only the static case is considered in the present study.
The main issue here is to define contact constraints that take advantage of the one-dimensional feature of rod models. To obtain the desired model, we define the total energy as the sum of energies of the two bodies, the final problem consisting of the minimization of thii energy under the nonpenetration constraint. We express this condition on the central lines of the two thin bodies. We write the constrained optimization problem, use again a penalty formulation to impose constant constraints, and then derive optimality conditkns. The obtained model is then analyzed and existence of a solution is proved.
In the sequel, we shall make use of the following notations. For a vector field w in B3, the scalar 0893-9659/03/$ -see front matter @ 2003 Elsevier Science Ltd. All rights reserved. Tywet by J&&W PII: 80893-9659(03)00044-2 P. BBAL AND R. TOUZANI function vi will denote its ith contravariant component, while a subscript i will denote its covariant one. Moreover, the same subscript in vi (vector vi) will be used to denote different vectors. In addition, the summation convention of repeated indices will be adopted; the superscripts i, j will vary from 1 to 3 and cr, p from 1 to 2. The spaces P(0, e; W3) and H1(O, L!; R") will denote traditional Sobolev spaces LP and H1 for vector valued functions.
A MODEL FOR ELASTIC RODS
In order to model elastic rod bodies, the theory developed in [1, 2] is used. For the sake of conciseness, details that can be found in [2] will be omitted.
In the reference configuration, the generating (or central) line is assumed to be straight and is then aligned with the 0x3-&s. The reference configuration is defined as i-2 = {(x1,x2, s), (x1,x2) E A(s), 0 I s 5 e} , where A(s) is a given domain in the plane describing the cross section at location s.
The deformed configuration is defined by means of the three vectors r(s), di (s), 4(s) where r is a parameterization of the deformed generating line. The vectors di(s), dz(s) are orthonormal; they are also orthogonal to T(S) and they span A(s). We also define ds := di x d2, A material point located at x = (x1, x2, s) will be located in the deformed configuration at the position
Since the triple (dl, d2, d3) is orthogonal, there exists (cf. [2] ) a vector field u such that
where u is given by ui := udi for 1 5 i 5 3. We also define vi := r'di for 1 5 i 5 3. Note here, that the components ui and vi have the following mechanical interpretation (cf. (21): u1 (respectively, ~2) measures the bending in the plane (d2, da) (respectively, (da, di)), while u3 measures the torsion of the rod. The components vi and 2)~ measure the shear in the dl and d2 directions, respectively, and 21s represents the dilatation of the rod.
The Equations
Balance equations for a rod can be written in the following way:
where n and m denote, respectively, internal forces and torque of internal moments. Concerning constitutive laws, we shall consider hyperelastic material, i.e., material such that the following relationships hold:
where W is a given energy potential. As in [3] , a quadratic energy potential given by W(u,v,s) = -Ef,@) (IL: + u;) + Gl(s)u;, where E is Young's modulus, A is the section area, G is the shear modulus, and I is the principal momentum of inertia for an assumed circular cross section of the rod. Note that we have neglected shear and volume change effects (~1 = vz = 0, r' = ds).
The equilibrium state for a single rod under the action of force (jr, fz, fs) is therefore a minimum of the energy functional
In what follows, for the sake of simplicity, we shall restrict ourselves to the cases where s e fada ds = 0.
0
Owing to the fact that W depends no more on v, the notation W(U, .) will replace W(u, v, .). Now, using identity (2.1), we obtain
We finally obtain J (r, (4)) := f 1' (GI (ld:I" + ld!J2) + (E -G) Ilr"l') ds -1' far ds.
The equilibrium problem is finally described by the following minimization formulation: 
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The coercivity of ? results from the fact that j* is the sum of a coercive functional J (see [3] ) and a positive term.
In addition, we have ?(ei,ez,es) < +oo. Therefore, the domain of je is nonempty and its definition implies that it is proper.
The weak closure of the set Ve is proved in [3] .
Invoking the Weierstrass theorem, we conclude that problem (2.3) has at least one solution. 1
We can now prove the convergence of the penalized problem. Thus,
The functional j is weakly 1.s.c. and coercive in VO (cf. [4] ) which is weakly bounded. Therefore, by the generalized Weierstrass theorem (cf. 
FRICTIONLESS CONTACT OF TWO RODS
We consider in this section two elastic rods that may be in contact. The reference bodies of these rods are denoted by 521 and Rz with respective boundaries I'i and Iz. We formulate the problem as a constrained optimization one, and give a procedure to determine contact points.
To simplify the presentation, we consider two elastic rods of equal length e and equal thickness E. The motion of each rod is defined by the triples ~,(~,),dlrr(s,),dza(Sa)r Q = 1,2. 
